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Abstract. In this paper, we define the higher Frobenius-Schur (FS-)indicators 
for finite-dimensional modules V of a semisimple quasi-Hopf algebra H via 
the categorical counterpart developed in INS| , We prove that this defini- 
tion of higher FS-indicators coincides with the higher indicators introduced 
by Kashina, Sommcrhauser, and Zhu when H is a Hopf algebra. We also ob- 
tain a sequence of canonical central elements of H, which is invariant under 
gauge transformations, whose values, when evaluated by the character of an 
//-module V, are the higher Frobenius-Schur indicators of V. As an applica- 
tion, we show that FS-indicators are sufficient to distinguish the four gauge 
equivalence classes of semisimple quasi-Hopf algebras of dimension eight cor- 
responding to the four fusion categories with certain fusion rules classified by 
Tambara and Yamagami. Three of these categories correspond to well-known 
Hopf algebras, and we explicitly construct a quasi-Hopf algebra correspond- 
ing to the fourth. We also derive explicit formulae for FS-indicators for some 
quasi-Hopf algebras associated to group cocyclcs. 



Introduction 

The notion of (degree 2) Frobenius-Schur indicator (V) of an irreducible represen- 
tation V of a finite group G has been generalized to simple modules of semisimple 
Hopf algebras by Linchenko and Montgomery |LM00j . to certain C*-fusion cate- 
gories by Fuchs, Ganchev, Szlachanyi, and Vescernyes |FGSV99] . and to simple 
modules of semisimple quasi-Hopf algebras by Mason and the first author |MN05| . 
A more general version of the Frobenius-Schur Theorem holds for the simple mod- 
ules of semisimple Hopf algebras or even quasi-Hopf algebras. In particular, the 
Frobenius-Schur indicator of a simple module is non-zero if, and only if, the simple 
module is self-dual, and its value can only be 0, 1 or -1. 

In proving that ±1 are the only possible non-zero values for the Frobenius-Schur 
indicator of a simple module of a semisimple quasi-Hopf algebra H over C |MN05j , 
the fact that H-xaodf m is pivotal, proved by Etingof, Nikshych, and Ostrik |ENOj . 
has been used. Based on the pivotal structure, the second author |Sch04j later 
introduced a categorical definition of degree 2 Frobenius-Schur indicators and gave 
a different proof of the Frobenius-Schur Theorem for quasi-Hopf algebras. 

The higher indicators of irreducible representations of a finite group do not have a 
direct interpretation as the degree 2 indicators (cf. |Isa94| ) . The n-th Frobenius- 
Schur indicator of a finite-dimensional module V with character x of a semisimple 
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Hopf algebra H has been formally denned by Kashina, Sommerhauser, and Zhu 
|KSZj as the value of x a t the n-th Sweedler power of the normalized integral of 
H . It has been shown in their paper that these indicators carry rich information 
on H, as well as its module category. Moreover, the values of the n-th indicators 
are cyclotomic integers in Q„. 

In the paper |NSj . the authors introduced the notion of higher Frobenius-Schur 
indicators of an object V in a C-linear pivotal category C. These indicators are 
invariants of the pivotal category. If V is simple and v n (V) ^ 0, then the dual 
object V v of V occurs in Again, the n-th indicator of any object in C is a 

cyclotomic integer in Q„. In addition, if C is a pseudo-unitary fusion category over 
C, then the higher indicators will be preserved by any C-lincar monoidal equiva- 
lence from C to any other pseudo-unitary fusion category over C. 

In this paper, we will adopt the categorical definition of higher Frobenius-Schur 
indicators given in NS to define the higher Frobenius-Schur indicators of a finite- 
dimensional module V of a semisimple quasi-Hopf algebra H over C with respect 
to the canonical pivotal (or pseudo- unitary) structure of the category _H-modfj n . 
We show that for any positive integer n, there exists a canonical central element 
fj, n (H) such that n-th Frobenius-Schur indicator v n (V) of V is given by 

where x 1S the character of the H- module V. Moreover, fi n (H) is invariant under 
gauge transformations, and it is independent of the choice of antipode of H . This 
formula implies that our definition of higher indicators coincides with the one in- 
troduced in |KSZ| when H is a Hopf algebra. 

The organization of the paper is as follows: we cover some basic definitions and 
facts about quasi-Hopf algebras H, including some important elements of H®H 
and identities introduced by Drinfeld [Dri90j , Hausser, and Nill |HN| . in Section 
H In Sectional we prove that two finite-dimensional Hopf algebras over a field k 
are gauge equivalent if, and only if, their module categories are /c-linear monoidally 
equivalent. In addition, if H is semisimple and k = C, then _H-modfj n is a spherical 
fusion category with respect to a canonical pivotal structure. Moreover, the canoni- 
cal pivotal structure of _H-modfj n is preserved by any C-linear monoidal equivalence 
from _H-modfj n to A'-modfj n for some quasi-Hopf algebra K over C. In Sections 
13 and 0] we define the (n, r)-th Frobenius-Schur indicators v n , r (V) of a finite- 
dimensional if- module V . We determine the central elements ^t n (£T) whose action 
on the ii-modules gives the n-th Frobenius-Schur endomorphisms introduced in 
|NS] . The element /i n (H) is an invariant under gauge transformations on H and 
Vn{V) = x(p-n(H)) where x is the character of V. As an example, we derive a for- 
mula for the higher indicators for the semisimple quasi-Hopf algebra obtained from 
a semisimple Hopf algebra with a central group-like element of order 2 in Section 
In Section 6, we use this formula to show that Frobenius-Schur indicators suffice 
to identify and distinguish the four gauge equivalence classes of non-commutative 
semisimple quasi-Hopf algebras of dimension 8 whose fusion rules (or K,(H)) con- 
tain an abelian group isomorphic to I2 x Z2. The corresponding categories were 
classified by Tambara and Yamagami. Finally, in Scction|3 we obtain formulae for 
the higher FS-indicators for the dual of the group algebra of a finite group G with 
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quasi-Hopf algebra structure determined by a group 3-cocycle, and for its double, 
known as the twisted double D"{G). 
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1. Preliminaries and Notations 

In this section, we recall the definition of quasi-Hopf algebras, some properties 
described in |Dri90| and |Kas95| . and some interesting results obtained in |HN| . 
|HN99b| . |HM99a| . In the sequel, we will use the notation introduced in this section. 

A quasi-bialgebra over a field k is a quadruple (H, A, e, <fi), in which H is an algebra 
over k, A : H — > H <g> H and e: H — > k are algebra maps, and <j) G H® 3 is the 
associator. Here our convention of associator <j) is given by the equation 

(j>(A <E> id)A(fc) = (id ®A)A(fc)0 . 

A quasi-bialgebra (H, A, e, <f) is called a quasi-Hopf algebra if there exist an anti- 
algebra automorphism S of H and elements a, (3 G H such that for all elements 
h G H, we have 

(1.1) S(/i (1) )a/i (2) = e(h)a, h (1) (3S{h (2) ) = e(h)(3 , 

(1.2) (1) /35(0 (2) )a0 (3) = 1, 5(^ ( - 1) )a0 ( - 2) /35(0 ( - 3) ) = 1 , 

where = </) (1 '®</> (2) ®0 (3) , (p^ 1 = <p ( ~ 1] ® ^ (_2) ® ^ (_3) and A(/i) = ®/i( 2 ). In 
the above equations, the summation notations of the tensors have been suppressed. 
For simplicity, we will continue to do so in the sequel. We will simply write H for 
a quasi-bialgebra (H, A, e, <fi) or a quasi-Hopf algebra (H, A, e, 0, a, /3, S). 

The module category H-mod of the quasi-bialgebra -ff is a fc-linear monoidal cat- 
egory, or simply a tensor category. If H is a quasi-Hopf algebra, then the tensor 
category ii-modfj n of all finite-dimensional //-modules is rigid, i.e. ii-modfj n ad- 
mits both left and right duality. Given any V G ii-modfj n with the left H-module 
structure given by p: H — ► Endfe(U), the left dual (y v ,ev,db) of V is defined as 
follows: 

(1) V y = Hom fe (V, k) with the inaction given by h h-> p{S{h))*, 

(2) ev: U V ®U -> fc and db: fe -f V®V y defined by 

ev(f(g>v) = /(aw) and db(l) = ^ f3vi<3v l , 
where {ui} is a basis for V and {v 1 } the corresponding dual basis. 
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Similarly, one can define V V = Honifc(V,fc) with the left if-action given by h i— > 
p(5'" 1 (/i))* and the linear maps ev': V® y V -> k and db' : fc -> V U®U by 

cv'(u<8>/) = /(S^a)"). and db'(l) = ^ v l ®S~ l {(3)v t . 

i 

Then ( V U, ev', db') defines a right dual of V (cf. |Dri90| and |Kas95| for the details). 

Following Kas95 , a gauge transformation on a quasi-bialgebra H = (H, A, e, 0) is 
an invertible element F of H <g> H such that 

(e®id)(F) = 1 = (id®e)(F). 

Using a gauge transformation F on iJ, one can define an algebra map A F : H — > 
B® B by 

(1.3) A F (h)=FA(h)F- 1 

for any h € H, and an invertible element </> F of H <S) H <£> H by 

(1.4) F = (1 <g> F)(id®A)(F)^(A ® id)^" 1 )^" 1 ® 1) . 

Then B F = (H, A F , e, F ) is also a quasi-bialgebra. In addition, if H = (ff, A, e, 0, a, /3, 5) 
is a quasi-Hopf algebra, then so is H F = (H, A F , e, (/) F , a F , /3 F , 5), where 

a F = ^ ^(d^aei and /3 F = ^ fiPS(gi) 

i i 

with F = Y,rfi® 9i and = <8> ei. 

Two quasi-bialgebras A and B are said to be gauge equivalent if there exists 
a gauge transformation F on B such that A and B F are isomorphic as quasi- 
bialgebras. Let a : A — ► B F be such a quasi-bialgebra isomorphism. Then the 
functor cr(-): B-mod — > A- mod, with g-V the left yl-module with the underlying 
space V and the left ^-action given by 

(1.5) a ■ v = a{a)v (a G A,v G 7), 

and o-/ = / for any map / in B-mod, is a fc-linear equivalence. Let £: a V <g) a W — > 
a (V ® W) be the linear map 

VF ^ U® W 

for any V,W £ B-mod. Then ( CT (-),£, id) is a fc-linear monoidal equivalence, or 
simply a tensor equivalence, from B-mod to ^4-mod (cf. |Kas95p . 

In [FTN]. |HN99bj and |HN99aj . Frank Hausser and Flor ian Nill introduced some in- 
teresting elements in H®H for any arbitrary quasi-Hopf algebra H = (H, A, e, (j>, a, /?, S) 
in the course of studying the corresponding theories of quantum double, integral 
and the fundamental theorem for quasi-Hopf algebras. These elements of H ® H 
are given by 

(1.6) q R = ^ ^S^ia^)^ , p R = (/> ( - 1) ®(/) ( - 2) /35(0 ( - 3) ), 

(1.7) q L = S{^)a^ ® 0(- 3 ), p^^S" 1 ^/?)®^. 

The elements and also occurred in Dri90 . One can show (cf. HN ) that 
they obey the relations (for all a G H) 

(1.8) (a®l) g fl = (l®S _1 (a (2 ))) q R A(a (1) ), p fl (a®l) = A{a (1) )p R (l®5(a (2) )), 
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(1.9) (l®o) q L = (S(a (1) )®l) q L A(a (2) ), p L (l®o) = A(a (2) )p L (5 1 (a ( i ) )®l) , 
where A(a) = am ® <Z(2). Suppressing the summation symbol and indices again, 
we write qn = (S> q^\ etc. These elements also satisfy the identities (cf. (HNj ): 

(1.10) A(q^) PR (1 ® S(q%>)) = (1 ® S" 1 ^)) A(p«) = 101, 

(1.11) A(gi 2) ) P L ® 1) = (5(pi X) ) ® 1) 9 l A(p£ 2) ) = 1®1. 
2. Module Categories of Quasi-Hopf Algebras 

In this section, we recall the canonical pivotal structure of the module categories 
of finite-dimensional semisimple quasi-Hopf algebras over C and some properties 
of these tensor categories. We also prove that two finite-dimensional quasi-Hopf 
algebras are gauge equivalent if, and only if, their module categories are tensor 
equivalent. 

It is well-known that if H and K are gauge equivalent quasi-bialgebras, then if-mod 
and if -mod are equivalent tensor categories (cf. [Kas95p . The converse for Hopf 
algebras was proved in |Sch96| . The quasi-bialgebra case was proved in |EG021 sec- 
tion 6] . Here we give a more straightforward proof for the case of finite-dimensional 
quasi-Hopf algebras. 

Lemma 2.1. Let H be a quasi-Hopf algebra over a field k, R a k-algebra and V 
an H-R-bimodule. Then 9: H ®V — > H ® V given by 

6(h®v) = q^h {1) ®S(qfh {2) )v 1 

for any h 6 H and v 6 V , is a natural H-R-bimodule isomorphism, where V 
denotes the trivial H-module with the underlying space V and the right R-actions 
on H ®V and H ® V are induced by the right R-action on V . 

Proof. It follows directly from (|1.8|) that 8 is natural bimodule homomorphism. 
Consider the ii-module map 9: H <S> a V — > H ®V given by 

S(h ® v) = ® h^Pa'v ■ 

Using 1)1. 8fl and (|1.1U|) . one can easily verify that 99 = 98 = id. Hence, the result 
follows. □ 

Theorem 2.2. Let H be a finite- dimensional quasi-Hopf algebra, and B a quasi- 
bialgebra over a field k. If H -mod and B-mod are tensor equivalent (in particular 
if B is finite-dimensional, and H-modf m and B-modf m are tensor equivalent) , then 
B is gauge equivalent to H as quasi-bialgebras. 

Proof. Let (J 7 , £,£o) be a tensor equivalence from ii-mod to B-mod. By the 
Morita Theorems, we may assume that !F = T <E>h — for some T € B-H-mod such 
that Th is a progenerator, and in particular, T is finite-dimensional. Moreover, 
the algebra homomorphism a' : B — » End#(T#) given by the B-module structure 
of T, is an isomorphism. To show that H = B as algebras, it suffices to prove 
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that T = H as right H-modules. By Lemma 12.11 there exists an i7-i7-birnodulc 
isomorphism 6: H®H — > H® a H. Thus, we have 

T®T = T{H)®T{H) S T{H®H) S T(H® a H) = T® H H® H = T® Q H 

as left B-modules. Obviously, all the above unlabeled isomorphism are B-H- 
bimodule isomorphisms. Since 6 is an iJ-iJ-bimodule isomorphism, T(6) is a £?- 
if-bimodule isomorphism. The naturality of £ implies that £ : T '(H)®J-(H) — > 
T(H®H) is also a S-i?®i?-bimodule isomorphism. Thus, we have 

as B-iJ-bimodules and hence T = H as right -ff -modules by the Krull-Schmidt 
Theorem. Let a: B — > if be the composition map 

B ^ End H (T ff ) = Enda(ir H ) = if . 

As in 1)1. 5fl . the algebra map cr induces a fc-linear equivalence CT (-) : ff-modf m — > 
_B-modfi n and T = a H as B-if-bimodulcs. The following B- module isomorphisms 

T® H V ^ a H® H V ^ a V 

are natural in V and hence a {-) is fc-linearly equivalent to T. Therefore, one may 
assume = o{-)- Note that (J-, z£, z _1 £o) is also a tensor equivalence for any 
non-zero scalar z. One may further assume £o = idfc and so we have e^cr = €b- Let 

F' = £ h ,h (1®1) and F = £^(1<8>1). 

Since is a f?- if (giff-bimodule isomorphism, we have 

£hm{u®v) = 6j,h(1®1)(w«w) = F'(u®v) 

for all w, v £ if , and 

(8) <r)(A B (b)) = £(6 • (18)1)) = 6 • = A H (a(b))F' . 

for all b E B. By naturality again, £x.y = F'- for any free if -modules X and V. 
Moreover, we have 

ff' = r^i®!)^') = r x (F') = rH^i® 1 )) = ^ 

and, similarly, Fi 1 = Therefore, F is invertible in H®H. Finally, by the 

commutativity of the diagrams 




(H®H) 



r {{H®H)®H) 
i 

7 {H®H) ® CT if 

?®id 



t 

id ®£ 



( CT if <g> CT if) ® CT ff - 
= (id®e H ){F) = (e H ®id){F), 
{a ® a ® <t){4>b) = (1 ® F)(id ®A)(F)0 ff (A ® id)(F" 1 )(F~ 1 ® 1) 
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Therefore, F is a gauge transformation on H and a: B — » if F is quasi-bialgebra 
isomorphism. □ 

Let us further assume that H is a finite-dimensional semisimplc quasi-Hopf algebra 
over C. It follows from |ENOI Section 8] that there exists a unique pivotal structure 
on i?-modfj n , i.e. an isomorphism of tensor functors j : Id — > (-) vv , such that the 
left pivotal dimension ptr f (idy) of any finite-dimensional H- module V is identical 
to its usual dimension dim(V^), where 

pt/(/) := (C ^ V®V y jV0idyV » V^®V y ^ C) 
for any / G Endff(V). 

Remark 2.3. Let G ii-modfj n and V = X; a decomposition ofV as a direct 
sum of simple H -modules Xj. Let Li: X — > V erne? 7T ; : V — > X, be the embeddings 
and projections associated with the decomposition. For any f G End#(V), w;e have 
Tfifk = /jidjCj /t some scalar fi^<Cby Schur's Lemma. Therefore, 

ptr £ (/) = ^pt/(/ W ) = Y^pbffafu) = ^/iptr^idxj = ^.Adim(X) 

i i i z 

which is identical to the usual trace of f . In particular, 

Ptr^(/)=ptr^(/ v ) = ptr''(/). 

Therefore, _ff-modf m is a (non-strict) spherical fusion category over C. This ob- 
servation has been proved, in a more general context, by Miiger |Mug03| Lemma 
2.8]. 

The pivotal structure of ii-modfi n could be explicitly described in terms of the 
trace element gu of H (cf. MN05 ). In the sequel, we will consider if-modfj n as 
a spherical fusion category with respect to the pivotal structure j described above. 
Such spherical fusion category is also called pseudo-unitary in |ENO| . This pivotal 
structure will be automatically preserved by any tensor equivalence to any other 
pseudo-unitary fusion category over C. 

Proposition 2.4. Let H , K be gauge equivalent finite- dimensional semisimple 
quasi-Hopf algebras over C. Then every tensor equivalence from _ff-modfj n to 
X-modfj n preserves their underlying pivotal structures. 

Proof. Since 77-modfj n and A'-modfj n are pseudo-unitary, the statement follows 
immediately from |NS1 Corollary 6.2]. □ 

3. Frobenius-Schur indicators for semisimple quasi-Hopf algebras 

In this section, we recall the definition of Frobenius-Schur indicators of an object 
in a linear pivotal category (cf. |NSj for the details). We then give a definition 
of higher Frobenius-Schur indicators for any finite-dimensional representations of 
a semisimple quasi-Hopf algebra H over C using the canonical pivotal structure 
of i?-modfi n described in Section |3 It follows from |NSj that these indicators are 
invariants of the tensor category iJ-modf m and hence gauge invariants of H . 

Let C be a finite fc-linear pivotal category; that is a fc-linear rigid monoidal category 
with a pivotal structure j : Id — > ( — ) vv such that C(V, W) is a finite-dimensional 
k- linear space for all V, W £ C. We denote by V® n the n-fold tensor power of an 
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object V G C with rightmost parentheses; thus V®° = I, the neutral object of C, 
and V®( n+1 ^ = V®V® n . There is a unique isomorphism 

<jj(n) . ^8(n-l)gjy J/®" 

composed of instances of the associativity isomorphisms explicitly $W is the 
identity, and 

ForV,WeC, defined: C(7, V®W) ->-C(V v ,W) andTyv^: C(V V ,W) ->-C(W v ,F) 

by 

A(f) = (V v V y ®(V®W) ^ (V^®V)®W W 

Tvw(f) = (^ v A F vv ^ V), 

and put 

£W = K(J, VW) C(F V , W) C(W V , V) C(J, WW) 
4 n) = faj,^") f^g^ c(j,y»("-i)(»v) gt£^ c(f>v «n^ _ 

Note that E'y 1 ' = idc(j,v) as ^ vv = ^- Following |NS| . for any positive integers n, r, 
the (n, r)-th Frobenius-Schur indicator of V is the scalar 

Z ,„ >r (F)=Tr((4")) r ) . 

We will call v n (V) := ^i.i(^) the n-th Frobenius-Schur indicator of V. Now, 
we can define the Frobenius-Schur indicators for the representations of a semisimple 
quasi-Hopf algebra over C. 

Definition 3.1. Let H be a semisimple quasi-Hopf algebra over C and let C be 
the spherical category iJ-modfj n with respect to the pivotal structure described at 
the end of Section^ For any V € C, we call V n r (V) the (n, r)-th Frobenius-Schur 
indicator of V and call v n (V) the n-th Frobenius-Schur indicator ofV. 

Proposition 3.2. Let H , K be gauge equivalent finite- dimensional semisimple 
quasi-Hopf algebras over C via the gauge transformation F on H and the quasi- 
bialgebra isomorphism a: K — > H F . For any tensor equivalence T from if-modf m 
to X-modfin , 

Vn,r(Y) = 

for any V G i7-modfj n and positive integers n,r. In particular, 

Proof. The result follows directly from Proposition ^. 41 and |NSI Corollary 4.4]. □ 

Remark 3.3. Proposition ^. 2l implics that the (n, r)-th Frobenius-Schur indicators 
are gauge invariants of H. 
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Remark 3.4. Let H be a semisimple Hopf algebra over C. By a well-known result 
of Larson and Radford |LR88| . the antipode of H is an involution, and so the 
canonical pivotal structure of i?-modfj n is given by the natural isomorphism j : 
V — > V vv of C-linear spaces. Lf one identifies Hom#(C,y) with the invariant 
space V H for any V G H-modf ln , then 

Ey^ "1® ' ' ' = X/ U2 ® ' ' ' ® U n® U l 

for any J>i® ■ • • ®u n G (V® n ) H . By jKSZl Corollary 2.3], v n (V) = Tr(£^ n) ) 
is identical to the n-th indicator of V defined by Kashina, Sommerhause and Zhu 
|KSZ| . Therefore, definition of higher indicators given in Definition al. l\ is indeed a 
generalization of the higher indicators for Hopf algebras. 

4. Frobenius-Schur Endomorphisms-Central Gauge Invariants 

In |NS| . we have defined the n-th Frobenius-Schur cndomorphism of an object in 
a semisimple pivotal monoidal category, and related it to the Frobenius-Schur in- 
dicators. In the category iJ-modfj n for a semisimple quasi-Hopf algebra H, the 
Frobenius-Schur cndomorphism is given by multiplication with a central clement 
fj, n (H) G H. In this section we will obtain an explicit formula for this element 
fi n (H) in terms of the quasi-Hopf algebra structure and the normalized integral 
of H . In the case of an ordinary Hopf algebra, this formula simplifies to the n-th 
Sweedler power of the integral, so that x(^n(H)) specializes to the original defini- 



tion oiu n (V) in jK£Z]. 

Let k be a field and C a finite fc-linear semisimple pivotal category with pivotal 
structure j: Id — > (— ) vv and neutral object / such that 

C{X,X) = C(I,I) S k 

for all simple objects X of C. By |NS| . there exists a unique natural isomorphism 
t~vt ■ V®T — > T®V for any J-isotypical object T and for any V G C such that 
Ty i = idy. One can define the n-th Frobenius-Schur endomorphism of V as 
the composition 



(4.12) 



where 



P = (v ^Y®{V®( n -V®V) Ym(n) : Y®V® n ^ 

r®(y® n ) triv ^ (V®™) trh w v® n ®Y ^ vj , 



U=IV dW , 



c 



(Y(£)V®( n ~ 1 ' , )®V Y^iV^-^tZiV)) , 



1 ) trlv ,i,7r) is the 7-isotypical component of V® n , and (Y,ev',db') is a right 
dual of V® n . Moreover, by [HSJ Theorem 7.6], 

(4.13) «/«(V)=ptt*(FS^), 
where 

ptr f (/) : =(l$U V®V y ^> VW V y vv ®^ v ^ i) 
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for any / G C(V, V). In the above equation, the identification C(I, I) = k has been 
used. 

Now, let C = iJ-modfi n for some finite-dimensional semisimple quasi-Hopf alge- 
bra H = (H, A, e, (f>, a, (3, S) over C. As described in Section ^ f° r an Y V € C, 
( v y,ev',db') defines a right dual of V. Thus the maps U and C in the definition 
of Frobcnius-Schur endomorphism can be expressed in terms of q and p as follows: 
Let {m} be a basis for V^™" 1 ) and {u 1 } its dual basis for v (V^™" 1 )). For any 
x G V, u G V® n and / G v (V®^-^), we have 

?7(x) = u i t&p { pUi®p { £ > x, and C{x®u®f) = q$ f(q$u)x. 

By |HN] . 7? admits a unique normalized two-sided integral A; that is the two-sided 
integral of H such that e(A) = 1. Then the trivial isotypical component V tIlv of a 
finite-dimensional -ff-module V is given by AV and ir(x) = Ax defines a retraction 
of the inclusion map i : V trlv — > V. 

Let us define 

A(°> = e, A' 1 ' = id H , A< 2 > = A, 0! = 1h, 2 = 1 h ®1h, 
and recursively 

(4.14) A(" +1 ' = (id ff <g>A)A<"), n+1 = (1®0„)(0( 1 )®A("- 1 )(^ 2 ))^ 3 )) 

for any positive integer n > 2. Then : I/®( n_1 )®!/ — > V"®" is given by the 
action of <f> n on V® n . For any a G i? , we will suppress the summation notation and 
simply write 

a (1 )<8 • ••«)«(„) 

for A^"'(a). In this notation, for any V G C, the action of an element a of H on 
y<gm j g gj ven 

a ■ (xi® • • • ®x n ) = a(i)Xi® • • • ®0( n )X„ 
for xi® • • • ®x„ eF 8 " 

Now we can derive a formula for the n-th Frobenius-Schur endomorphism FSy ^ in 
C. By (|4.12jl . we obtain 

FS^(x) = £ ^^^^^(^ 

ill"- ,-tn-l 

• ' ' (^(n-^ACn-l)^- 1 ^-!)^--^"- 2 ) ■ (4 2) ( „-l)A (ll )0^i 2) X,X—) 

where {xi} is a basis for V and {x 1 } is its dual basis for V*. Since Xi{u, x l ) = u 
for all ?; G V, one can simplify FSy (x) as follows: 

(4-15) • • • (4 2) (n-2)A( n -i)^- 1) pi 1 ) ) (n _ 1) ) • (<&Vi) A W*£°j4 3) ) - 

= m ((g^^A^"- 1 )^)) • AW(A) • <^„ • (A^^rf)) x , 
where m is the multiplication on H. Let us define 

(4.16) n n {H) := m ((^W"- 1 ^)) ■ A<">(A) • 0„ • (A^^rf)) 
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for any integer n > 1. The following theorem shows that [i n (H) is a central gauge 
invariant of H. 

Theorem 4.1. Let H = (H, A, e, cf>, a, (3, S) be a finite- dimensional semisimple 
quasi-Hopf algebra over C and n a positive integer. The element (i n {H) is in the 
center of H and it is invariant under gauge transformations on H . Moreover, for 
any V G _ff-modfj n , 

where x * s the character ofV. In addition, if both a and (3 are invertible elements 
of H , then the element (i n (H) is given by 

fi n (H) = m(A(")(A)0„)(/?a)- 1 = ( / 3 a )- 1 m(A(")(A)0„) 

where A is the normalized two-sided integral of H . 

Proof. Since FS^ is an _ff-module map. the equality (|4.15|) implies that [i n {H) 
must lie in the center of H. It follows from Remark EH1 and (|4*T3|l that 

v n {V) = ptr^FS^) = Tr(FS^) = X (»n(H)) 

where Tr(FSy ') denotes the usual trace of the linear operator FS(" ■ 

Let K be another semisimple quasi-Hopf algebra over C such that K is gauge 
equivalent to H via the gauge transformation F on H and the quasi-bialgcbra iso- 
morphism a: K — > H F . Then (,r(-), F- , id) is a tensor equivalence from ff-modf m 
to A'-modfj n . By |NSI Lemma 7.3], the functor a (-) preserves Frobenius-Schur 
endomorphisms. Therefore, 

a(ti n (K))x = fi n (K) ■ x = F&g\x) = FS^ (x) = ff (FS^)(ar) = fi n (H)x 

for all x £ a H . Therefore, a([j, n (K)) = ^L n {H). In particular, /j, n (H F ) — fi n (H). 

By |MN05I Lemma 3.1], we have the equations 

(4.17) = A(A) = A (1) p^®A (2) ^ 2) a 
for any I,Fe {R, L}. Following from (|4.17(l and the equation 

(4.18) ^„(A("- 1 )®id)A(A) = AW(A)0„ , 
we have 

Wq% ) ®^ n - 1) (q% ) )) ■ A (n) (A) • <j> n • {^-^{p^jpf a) = A^(A)0„ . 
Since fi n (H) is in the center of H, 

Pafi n (H) = fi n (H)Pa = P^ n (H)a = m (a<">(A)0„) . 

In addition, if (3 and a are invertible elements of H, the last statement follows. □ 

Remark 4.2. Since two semisimple quasi-Hopf algebras H , H' with identical quasi- 
bialgebra structures but different antipodes are gauge equivalent via the gauge trans- 
formation 1(8)1 and the quasi-bialgebra isomorphism idn, Theorem ^. 1\ implies that 
fj,„(H) = fx n (H'). Therefore, n n (H) is independent of the choice of antipode of H. 
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Remark 4.3. Let H be a semisimple Hopf algebra over C and V a finite- dimensional 
H -module with character \- By Theorem \4-lj V n (V) = x{ m (^ n ^ (A))) = x(A' n ') 
which coincides with the n-th Frobenius-Schur indicator of V for Hopf algebras 
introduced in |KSZj . 

Equation l|4.16[) suggests that the other combinations of the q's andp's may not give 
the same element. Indeed, /i„(iJ) can be expressed in any of the four combinations 
of those q's and p's. We need the following observation for the proof. 

Lemma 4.4. Let n be a positive integer and let t be an element of For 
any G G H® n , 

m{(l®G)t) =m(i(G® 1)) 
where to is the multiplication on H . 

Proof. The statement can be easily verified by direct computation. □ 

Proposition 4.5. Let H = (H, A, e, <j), a, f3, S) be a finite- dimensional semisimple 
quasi-Hopf algebra over C and n a positive integer. Then 

» n (H) = m ((gjJW"- 1 ^)) • AW(A) • K ■ {^ n ^ {j>f )®pf )) 

for any X,Y £ {R,L}. 
Proof. Let 

T x ,y = m {{q^®^- n - l \qf)) ■ AW(A) ■ K ■ (AC"" 1 ^)®^)) 

for any X,Y E {R, L}. By definition, T R . L = ^ n (H). Recall from |MN05| that 

A(A)p y (a®l) = A(A)py(l®5(a)), 
(4 ' 19) (l®a)g x A(A) = (5(o)®1)?a:A(A) 

for all a E H. Then we have 

T L , L - m((id®A("- 1 ))( (7L )A^(A)0„(A("- 1 )®id)(p i )) 

= 7n((id®A(™- 1 ))(g L )0„(A("- 1 )®id)(A(A)p L )) by gig 

= to ® l)0 n (A ( "- 1) ®id)(A(A)p L (( 7 [ 2) ®l))) bv Lemma IOI 

= to ((<£ } (g) l)0 n (A("- 1 )®id)(A(A)p L (l®5((zi 2) )))) b Y EH} 

= <£>m (A(")(A)0„(A("- 1 )®id)(p i )) S(g[ 2) ) 

- < Z i 1) m((id®A("- 1 ))((/3 g «® (Z j ? 2) )A(A))0„(A("- 1 )®id)(p i )) S(gf ) by JH3 

= q^pSiq^MH) by TheoremO 
= ttn(H). 
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Thus, we have Tx.l = fin(H) for X G {L, R}. Now, for Y = L or R, we have 

T x ,y = m ((id®A("- 1 ))( gx )A ( ")(A)0„(A(™- 1 )®id)(py)) 

= m ((id®A("- 1 ))( gjf )A(")(A)0„(l®^ 2) )(A("- 1 )(p^ 1) )®l)) 

= ? n ((id®A(™- 1 ))((l0p^ 1) ) gx )A( n )(A)0„(l®^ 2) )) hv LemmaEl 

= m ((id®A("- 1 ))((l0p«) gx A(A))0„(l®p( 2) )) 

= m((id®A("- 1 ))((,S(^ 1) )®l) g xA(A))0„(l®p^ ) )) by 633 

= 5(p^)m ((id®A("- 1 ))(g x A(A))0„) pf 

= S(p$>)m ((id®A("- 1 ))(g x )A(")(A)0 n ) pf 

= 5(^ 1 V((id®A( n - 1 ))(g x )0 n (A("- 1 )®id)(A(A)(^ 1) ®^ 2) a)))^ 2) by gT7|) 

= Sip^fi^apP 

This proves the statement. □ 

5. HOPF ALGEBRAS WITH CENTRAL GROUP-LIKE ELEMENTS 

Let if be a finite-dimensional Hopf algebra over C and G(H) the group of all group- 
like elements of H. Let G be a subgroup of G(H) which lies in the center of H, 
uj a normalized 3-cocycle of G with coefficients in C x and j : G — > G a group 
isomorphism. Then j can be extended to a Hopf algebra isomorphism from C[G] 
to C[G] = C[G}*. Let 

1 1 yeG 

By the orthogonality of characters of finite groups, 

j{e x ){z) = ^ E j{y){*)- l j{y) (*) = 4 E Mi*- 1 *) = <W ■ 

11 y£G 11 yea 

Therefore, {j(e x )\x G G} is the dual basis of G for C[G]*. In particular, {e x } xe c 
is the complete set of orthogonal primitive idempotcnts of C[G] and we have the 
equalities 

(5.20) S(e x )=e x -i, e(e x ) = 5 1>x , A(e x ) = ^ e xy -i(g>e y 

y&G 

for all x G G. One can construct a new quasi-Hopf algebra using these data of H. 
The following lemma is a joint observation with Geoffrey Mason. 

Lemma 5.1. Let H be a Hopf algebra over C and G a subgroup of G(H). If G lies 
in the center of H , then for any normalized 3-cocycle u of G with coefficient in C x 
and for any group isomorphism j : G — > G, the tuple H(G,u,j) = (H, A, e, cj>, a, (3, S) 
is a quasi-Hopf algebra where <fi, a and (3 are defined by 

(5.21) <p= E uj(x,y,z)~ 1 e x ®e y ®e z , a = 1, [3 = E x~ 1 ,x)e x , 

a:,y,z£zG xGG 
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and A, e and S are the comultiplication, counit and antipode of H . Moreover, if lu' 
is cohomologous to uj, then HfG,u,j) an d H(G,io',j) are 9 au 9 e equivalent quasi-Hopf 
algebras. 

Proof. Note that <\>~ Y = J2 x . y ,zeG tJ ( a; ' D,z)e x ®e v ®e z and = E^g^ 1 ' 1 ' 1 ' 1 ) 1 ^ 
Using the fact that C[G] lies in the center of H and (|5.2U|) . it is straightforward 
to verify that H^q^j) is a quasi-Hopf algebra. Let lu' = LuSb for some normalized 
2-cochain b of G with coefficients in C x where 

5b(x, y, z) = — 

b{xy,z)b{x,y) 

for x,y,z £ G. We define 

F= ^2 b(x, y)~ 1 e x <3e y . 

x,y£G 

Since b is a normalized cochain, F is a gauge transformation on HfQ !U ,j\. Moreover, 
<f) F = ^ v(x,V, z)~ 1 6b^ 1 (x i y, z) e x ®e y ®e z = ^ lo'(x, y, z)' 1 e x ®e y ®e z . 

x,y,z£G X , y ,z£G 

Since F lies in the center of H®H, A F = A and so H(G,u',j) = H¥ Q u « as quasi- 
bialgebras. □ 

Remark 5.2. H and -ff(G,wj) are identical as bialgebras and so their module cat- 
egories are linearly equivalent. If H is also semisimple, then H and H^ G uJ ^ have 
the same fusion rules for their irreducible representations. However, in general, 
i7-modfj n and H ^ jym.oAf m are not equivalent tensor categories if lu is not a 
coboundary. We will see examples for this below. 

Let us further assume that H is a semisimple Hopf algebra over C with a central 
group-like clement u of order 2 and G is the subgroup generated by u. Note that 
there is exactly one group isomorphism j from G to G and H 3 (G, C x ) is an abelian 
group of order 2. 

Consider the function w:GxGxG^C x defined by 

, , J — 1 if x = y = z = u, 
1 otherwise. 

One can easily verify that to is a non-trivial 3-cocycle of G and so co represents the 
unique non-trivial cohomology class of H 3 (G, C x ). We will simply write H u for the 
quasi-Hopf algebra H^q ^j)- 

Let x be the non-trivial character of G. Then j(g) — x and so 
(5.22) ei = -(l+u), e g = ^-(l-u) and j3 = e\-e u = u. 

We will proceed to obtain a formula of fj, n {H u ). Let us denote the n-th Sweedler 
power of an element a; of if by a;'"'. It is easy to see that 

x if n is odd, 
e(x)l if n is even 
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for any x £ C[G]. In particular, 

[n] _ f e z if n is odd. 
z \ <5z,il if n is even 

for any z £ G. Thus, for any positive integer n, we have 

77i(0«®A(")(^ 2 ))®(/)( 3 )) = ]T u(x,y,z)- 1 e x e^e z = v, n . 

x,y,z£G 

where m is the multiplication of H. Since C[G] is commutative, by l|4.14|l . we have 
(5.23) m{4> r ) = u <r-i)<r-2)f2 

for all r > 1. Indeed the formula is clearly correct for r = 1,2, and for r > 2 we 
have inductively 

= m(0 r )m(^ 1 )®A( , '- 1 )(0( 2 ')®0 (3) ) 

= u (r-l)(r-2)/2 u r-l = u r(r-l)/2 _ 

Proposition 5.3. Lei H be a finite- dimensional semisimple Hopf algebra over C 
with a central group-like element u of order 2. Suppose that V is a finite- dimensional 
simple H -module with character \, o-nd that V is the H u -module associated with V . 
Then the n-th Frobenius-Schur indicator of V is given by 

Vn {V)= Vn (V) X {u^-^ 2 )/x^) 

for any positive integer n, where v n {V) is the n-th Frobenius-Schur indicator of V 
considered as an H -module. 

Proof. Since u is in the center of H, <j> n is also in the center of H® n . Thus, by 
Theorem 14. II and (|5.23|) . we have 

fi n (H u ) = m(A(™)(A)0„)(/?a)- 1 = m(A ( - n \A))m(<j) n )u~ 1 

= A [n] u (n-2)(n-1)/2 u -1 = A w u ( ™~ 3) ™ /2 , 

where A is the normalized integral of H . The second and the third equalities follow 
from (|5~2H) and (E22>- By Theorem PI 

Vn {y) = x (A[™l M (»-3)«/2)) 

= X (A[ n l) x ( u (»-3)"/2) /x (l) 

The second equality follows from the fact that u acts on V as a scalar. □ 

Example 5.4. As the simplest example, consider H = C[G], where G is the group 
of order 2 generated by u. Let V be the non-trivial 1- dimensional H -module. Since 
u acts on V as the scalar —1, we have v n {V) = 1+( ~ 2 1%> for all positive integer n. 
By Provosition 1 5. 'A we have 

^(F) = i±^(-ir^ 3 )/ 2 ^cos(!j). 
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6. Examples and Applications 

In |TY98j . Tambara and Yamagami has classified that there are four inequivalent 
fusion categories over C with five simple objects {a, b, c, d, m} and fusion rules: 

(1) am = ma = bm = mb = cm = mc = dm = md = m, 

(2) mm = a + b + c + d, and 

(3) {a, b, c, d} forms a abelian group isomorphic to Z2 x Z2 . 

Three of these categories are tensor equivalent to the module categories of the 
following Hopf algebras: C[Qs], C[Dg] and the 8-dimcnsional Kac algebra K, where 
Qg and D$ are, respectively, the quaternion group and the dihedral group of order 8. 
It was a question raised by Susan Montgomery whether one can explicitly construct 
a quasi-Hopf algebra whose module category is tensor equivalent to the fourth fusion 
category with above fusion rules. In this section, we will answer this question by 
showing that these four fusion categories are tensor equivalent to 

C[D 8 ]-modfi n , C[<3 8 ]-modfi n , /\-mod fin , and K u -mod tm , 

where u is the unique order 2 central group-like clement of K. In particular, we 
show that C[D$} is gauge equivalent to the quasi-Hopf algebra CfQsJu an d C[-Dg]u 
is gauge equivalent to C[Qs] 

Let H = C[Qs], C[D$] or K. Then H has a unique central group-like clement 
u of order 2 and it has only one 2-dimensional irreducible representation V. We 
proceed to compute the Frobenius-Schur indicators of V in i?-modf; n and those of 
V in H u -modf ln . 

The 8-dimensional Kac algebra if is a semisimple Hopf algebra over C generated 
by x, y, z as C-algebra with the relations: 

x 2 = 1, y 2 — 1, z 2 = — (1 + x + y — xy), xy = yx, xz = zy, yz = zx . 
The coalgcbra structure is given by 

A (a;) = x ® x, A(y)=y®y, e(x)=e(y) = l, 

A(z) = + x<S>l + l<E>y - y®x)(z<E>z), e(z) = 1 . 

The antipode of K is determined by 

S(x) = x, S(y) = y, S(z) = z . 

Note that u = xy is the unique central group-like element of order 2 of K (cf. 
|Mas95J and |TY98j for more details on this Kac algebra). Let V be the degree 2 
irreducible representation of K and x the character of V. We have x( u ) = — 2. The 
higher Frobenius-Schur indicators of V considered as a If -module are given by 

X(AM) = 1,0,0,0,1,0,2 

where n = 2, . . . , 8 and A is the normalized integral of K given by 

A = i((l + x + y + xy) + (1 + x + y + xy)z) . 

By ProDOsition l5.3l the n-th Frobenius-Schur indicators (n = 2, . . . , 8) of V consid- 
ered as a A u -module are 

-1,0,0,0,-1,0,2. 
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Since Qs and D 8 have centers of order 2, each of C[Q 8 ] and C[Z? 8 ] has a unique 
central group-like element u of order 2. Let H = C[Qs] or C[.D 8 ], V the degree 2 
irreducible representation of H and \ the character of V. Then x( u ) = — 2- 

For Dg, the Frobcnius-Schur indicators v n (V) of V(n = 2, . . . , 8) are well-known to 
be 

1,0,2,0,1,0,2. 

The Frobenius-Schur indicators v n (V) ofV (n = 2, . . . , 8) for Qs are 

-1,0,2,0,-1,0,2. 

By Proposition 15.31 we can complete the following table of the Frobenius-Schur 
indicators for the 2-dimensional irreducible representation V of these quasi-Hopf 
algebras. 





va(V) 


i* (t0 


Mv) 


us 00 


Mv) 


Mv) 


i* (t0 


K 


1 











1 





2 


K u 


-1 











-1 





2 


C[D S ] 


1 





2 





1 





2 


C[D 8 ] U 


-1 





2 





-1 





2 


C[Qs] 


-1 





2 





-1 





2 


C[Qs] u 


1 





2 





1 





2 



As a conclusion from this table, we have the following theorem. 

Theorem 6.1. The fusion categories 

if-modfip, K u -modfin, C[L> 8 ]-mod fm , C[Q 8 ]-mod fin 

form a complete set of inequivalent fusion categories with the fusion rules given 
at the beginning of this section. Moreover, the quasi-Hopf algebra C[Ds] g is gauge 
equivalent to C[Qs] and <C[Qs] g is gauge equivalent to C[D%] 

Proof. It follows from the above table and Proposition l3.2l that the fusion categories 

J\-mod fin , X u -mod fin , C[D 8 ]-mod fin , C[Q 8 ]-mod fm 

are inequivalent tensor categories. Since there are totally four inequivalent fusion 
categories with the same fusion rules given at the beginning of this section (cf. 
|TY98p . the categories A"-modfj n , A, t -modfj n , C[£> 8 ]-modfj n , C[Z? 8 ]„-modfj n ac- 
count for all these fusion categories. Since the Frobenius-Schur indicators of the 
degree 2 irreducible representation of C[Q 8 ] U is the same as that of C[£> 8 ] and 
the fusion rules of C[(3 8 ] u -modf m and C[Z? 8 ]-modfj n are the same, the categories 
C[-D 8 ]-modfj n and C[Q 8 ] u -modfj n are tensor equivalent. By Theorem 12.21 C[Z3 8 ] 
and C[Q 8 ] U are gauge equivalent quasi-Hopf algebras. Similarly, one can show that 
the quasi-Hopf algebras C[Qg] and Cf-Dsju are also gauge equivalent. □ 

7. Higher Indicators for quasi-Hopf algebras associated to group 

cocycles 

In this section we will derive explicit Frobcnius-Schur (FS)-indicator formulae for 
two kinds of quasi-Hopf algebras associated to a 3-cocyclc on a finite group G. 
In particular, Bantay's formula of the second FS-indicator for a twisted quantum 



18 



SIU-HUNG NG AND PETER SCHAUENBURG 



double of a finite group derived in |MN05j is a special case of these formulae (see 
also jBanOOj and |Ban97j ). 

Let G be a finite group and u> a normalized 3-cocycle on G with coefficients in C x . 
One can construct a quasi-Hopf algebra H(G,lo) = (C[G]*, A, e, (j>, a, /?, S) where 
multiplication, identity, comultiplication, counit and antipode are the same as the 
structure maps of the Hopf algebra C[G]*, and (j), a, and (3 are given by 

<fi = u)(a,b,c)e(a)®e(b)<8>e(c) a = 1, and f3 = w{a, a -1 , a)~ 1 e(a) , 

a,6,ceG a£G 

where {e(x) | x G G} is the dual basis of G for C[G]*. The quantum double of 
H{G,lo) is called the twisted quantum double D u 1 (G). 

The quasi-Hopf algebras H(G,w). The basis {e(g) | g G G} for H{G,u>) is a 
complete set of primitive idempotents of H(G,u>) and its dual basis {\ x \ x G G} 
is the complete set of irreducible characters of H(G,u>). 

Proposition 7.1. Let G be a finite group and u> a normalized 3-cocycle on G 
with coefficients in C x . For any simple H{G,lo) -module V x with character Xx and 
positive integer n, 

n-1 

(7.24) v n (V x ) =S x n A J] w (x,x r ,x). 

r=l 

In particular, if n is not a multiple of the order o(x) of x, then v n {V x ) vanishes. 
y o(x){Vx) is a root of unity whose order is the same as that of the cohomology class 
ves {x) [uj] G H 3 ((x),C x ), and v s . o(x) {V x ) = v o{x) {V x ) s for s G N. 

Proof. Clearly, e(l) is the normalized integral of H(G,u>). For any x G G and 
integer n > 1, 

e(x)W= m (A(")(e(x))) = ]T e(y) , 

yn— x 

where m denotes the multiplication of H(G, w), A^ = id and A( n+1 ) = (id®™ -1 ® A)A<") 
for n > 1. By the commutativity of H(G,lu) and Theorem 14.11 we have 

^) = Xx (e(l)W/3- 1 m(^)) , 

where 

0i = Iff, 02 = 18)1, </v+i = (l(8<?!>„)(id®A (T - 1) (g)id)(0) . 
for any integer r > 2. Note that 

m ((id ®AW« id)(0)) = ]T w(a, 6, c)e(a)e(&)M e (c) = £ wfo, ^, y) e (y) . 

a,6.c£G J/GG 

Hence, by induction, 

n-2 
yeG r=l 

Thus, we have 

(n-2 \ n-1 

X! ^My^^y) II w (y,y r ,y) ] = II w(x,x r ,x) . 

y 71 — 1 r—1 / r—1 



FROBENIUS-SCHUR INDICATORS FOR QUASI-HOPF ALGEBRAS 19 

Following the description in |MS89 , the class of the 3-cocycle u x of the cyclic 
subgroup (x) of order N defined by 

-^■£(m + n — m + n) 

generates the group H 3 ((x), C x ), where n denotes the remainder upon the division 
of n by N. Then we have 

uj x (x,x r ,x)=exp — _(f+l-r + l)> - > P V N ' 



N 2 J I 1 otherwise. 

Obviously, there is a 3-coboundary / of G such that 

ojf = u> x on (x) for some integer t. 
Since v n (V x ) is a gauge invariant, 

Ns-1 
r=l 

Of course, the order of C* is the same as the order of res/ x \ [u>]. □ 

The twisted quantum double of finite group D U {G). The twisted quantum 
double D U (G) of G with respect to ui is the semisimple quasi- Hopf algebra with 
underlying vector space C[G]*®C[G] in which multiplication, comultiplication A, 
associator </>, counit e, antipode S, a and j3 are given by 

(7.25) (e(g)®x){e{h)®y) = 6 g (x, y)5 g *, h e(g)®xy , 

(7.26) A(e(g)®x) = ^ ^ x {h, k)e(h)®x®e{k)®x , 

(7.27) 0= /i, &) _1 e(5)®l(g)e(/i)(8)l®e(fc)®l , 

g./i,feeG 

e(e(flr)(g)x) = 5 gA , a = l, [3 = ^ v(g, g' 1 , g)e(g)®l , 

(7.28) see 

where 6 g i is the Kronecker delta, g x = x gx, and 

y, (xy)~ 1 gxy) 



cj(x,x 1 gx,y) 
u(x, y, g)u(g, g~ l xg, g^yg) 



u{x,g,g 1 yg) 
for any x, y,geG (cf. IL)PK,90| k 

By induction, one can show that 

/n-2 ^ \ 

(7.29) n = JJ w(ai,a i+ i ••■a„_i,a„) 1 J e(ai)®l® ■ • • ®e(a„)®l 

,a^eG \i— 1 / 
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for any integer n > 2. The normalized integral of D W (G) is given by 

A= lir E^ 1 ) 8 *- 

1 1 i£G 



Therefore, 



A(A) = ^ 7^(0 1 ,a)e(a 1 )®x®e(a)®x 
and, by induction, we have 

(7 30) A (ll) (A) = — ^2 [ II lx{ai,a i+ i ■ ■ ■ a n ) J e(ai)®s- ■ • ®e(a„)<gix 



,oi,...,a„eC \i = l 

l = a, - -a„ 



for any integer n > 1. Thus, we have 

Proposition 7.2. Lei G be a finite group and lo a normalized 3-cocycle of G with 
coefficients in C x . Then, for any integer n > 2, the n-th Frobenius-Schur indicator 
of any representation V of D U1 {G) with character \ is given by 



*V)-k E ill 



" 2 ~/ x (a x ' ,a x%+1 ■ ■ -a x " 1 )6 a (x\x) 



l G l JTta \i=i w(a x *,a x ' +1 ■■■a x " \a xn ) J 

(7.31) ,-»=(..-!)» 

ui(a,a , a) 

Proof. Since both a and [3 of D U (G) are invertible, by Theorem 14.11 we have 

(7.32) »n{D w (G)) = r'mlAWfA)^) . 
By lfT2^|l and l(7T3UJ) . we obtain that 

7a:( a i+lj a i+2 ' ' " On) 



A (w) (A)^ = i £ fff 

1^1 .,«l,-«i.6(3 \i=l 



e(ai)®x® • • • ®e(a n )®x . 



Thus we have 



r 1 m(A(«)(A)^)= T l £ II 



7 x (a, o- 1 )ff a (a! n ~ 1 ) s) ■ ■ (e(a)<g>x«) 



1 \p /tt 7 ;t (a 2: ',a a: ' +1 ■ ■ ■a 3 '" ^(x'^) 

x-»=(o»-l)» 

7 x (a, a _1 )6' a (x™ _1 ,x) 



a;(a, a 1 ,a) 

The statement follows easily from <|7.32ll and Theorem 14. II □ 



(e(a)(g>x n ) 
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Remark 7.3. The formula for the higher indicators may look different if one uses 
another form of /U„(iT). For example, ^ n {D u '{G)) = /3 -1 m(0„(A ( ™ -1 )® id)A(A)) 
since (f> n (A^ n ~ 1 " > ® id)A(A) = A*-"^(A)(/)„. Using this form of the cental invariant 
li n (D u {G)), one will obtain 



(7.33) 



<">-15f £ 



(aar 



7^(0^' , a x ' ■ ■ ■ a x " )O a (x\x) 




u(a,a 1 ,a) 



X{e{a)®x n ) 
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